Introduction
We are now embarrassingly rich in knot and 3-manifold invariants. We have to organize these invariants systematically and nd out ways to make use of them. The theory of nite type knot invariants, or Vassiliev invariants, has been very successful in accomplishing the rst task. Recently, an analogous theory of nite type invariants of integral homology 3-spheres started to emerge. The analogy is mainly based on the common goal of bringing some order to the multitude of invariants by nding some universal properties they obey.
If we think of quantum 3-manifold invariants of Reshetikhin and Turave 44] as non-perturbative ones, their perturbative version 38] is the other source of motivation for this developing theory of nite type invariants of integral homology 3-spheres. Non-perturbative invariants are somehow packed together tightly so that they usually support some very rich algebraic structures. Perturbative invariants, on the other hand, seem to be quite independent with each other. One may see this from Theorem 3.1, the only new result in this paper, which claims that the space of nite type invariants of integral homology 3-spheres is a polynomial algebra. This leads to the speculation that perturbative invariants may contain more geometrical or topological information than non-perturbative ones, at least to compensate the loss of algebraic richness. The recent study of Ohtsuki's perturbative invariants in 30] supports this speculation (see Theorem 8.1).
As the title says, this is a survey of the developing theory of nite type invariants of integral homology 3-spheres. Of course, the way we present the material and the questions addressed depend on personal taste. But we do hope that we have sketched a more or less complete picture of the current status of this theory.
This paper is based on the lectures given in the workshop on knot theory at Banach International Center of Mathematics, Warsaw, July 1995. We would like to thank the hospitality of Banach Center and local organizers. We also wish to thank Zhenghan Wang for continuing stimulating conversations, and to Stavros Garoufalidis and Jerry Levine for some comments.
Definitions and basic properties
Let be an invariant of oriented Z-homology 3-spheres (Z-HS's in short). We may de ne a di erence operation on with respect to a knot K in a Z-HS M: where M K; 1 is the Z-HS obtained from M by a 1-surgery on K. Roughly speaking, the invariant is said to be of nite type if it vanishes under a nite iteration of the di erence operation D . See Denition 2.2 below. To be more speci c, we proceed in a slightly di erent direction rst.
An algebraically split link (ASL in short) in a Z-HS M is a link with unoriented and unordered components such that all its linking numbers are zero. Henceforth, all 3-manifolds will be oriented Z-homology 3-spheres and all links will be 1-framed ASL's. We will denote by #L the number of components of a link L. If an ASL with three oriented components named by i 1 ; i 2 ; i 3 , respectively, such that its triple Milnor -invariant is the given one (i 1 i 2 i 3 ). This can be done by using (some variations of) the Borromean rings. Then, by some appropriate band sums, we connect all circles with the same name together to get the desired ASL.
In 39], Ohtsuki showed that dim (M k?1 =M k ) < 1. It is conjectured in 9] that G n = O 3n . Apparently, the space G n is harder to work with than O 3n and much less is known about it than about O 3n . But its relationship with Heegaard splittings of 3-manifolds might provide some additional useful information about nite type invariants and the topology of 3-manifolds. the space of all nite type Z-HS invariants is a graded commutative algebra. The purpose of this section is to show that the graded algebra of all nite type Z-HS invariants is actually a graded commutative and cocommutative Hopf algebra. By the structure theorem of graded commutative and cocommutative Hopf algebras 34], we conclude that the graded algebra of all nite type Z-HS invariants is a polynomial algebra generated by primitive invariants. Furthermore, our construction of the coproduct implies that primitive invariants are exactly those which are additive under the connected sum of 3-manifolds.
It might be of some interest to comment on the history of the proof, which we are going to present, of the fact that the graded algebra ofnite type Z-HS invariants is a graded commutative and cocommutative Hopf algebra. The same argument applied to nite type knot invariants was rst presented by this author in an AMS regional conference and the West Coast Topology Symposium at Stanford University in the spring of 1992. Before that, it was known to Bar-Natan 2] that the graded algebra of weight systems on chord diagrams is a graded commutative and commutative Hopf algebra. Kontsevich's work 21], which also appeared in the spring of 1992, surpassed our direct argument by showing that the graded algebra of nite type knot invariants is isomorphic to the graded algebra of weight systems on chord diagram (but see the remark at the end of this section). Therefore, our direct argument that the graded algebra of nite type knot invariants is a graded commutative and cocommutative Hopf algebra never appeared in publication.
In 11], the notion of weight systems for nite type invariants of Zhomology 3-spheres was introduced and it was shown that these weight systems form a graded commutative and cocommutative Hopf algebra. Since we don't know yet whether we could integrating every weight system in the sense of Garoufalidis and Ohtsuki to a Z-HS invariant as in the case of knot invariants, it is worthwhile now to argue directly that the graded algebra of nite type Z-HS invariants is also a graded commutative and cocommutative Hopf algebra. It is obvious from the construction that the map from nite type invariants to their weight systems is a graded Hopf algebra homomorphism .
To Let be a Z-HS invariant. We denote by M#N = N#M the connected sum of two oriented 3-manifolds, which inherits an orientation from that of M and N. Fix the factor N in the connected sum and we will get a new Z-HS The second conclusion is obtained using the same argument, but taking into consideration the way we chose the basis f! 0 ; ! 1 ; : : : ; ! n k g.
We will consider links J in M and L in N such that #J + #L = k + 1. We have
Then, we may argue as before to nish the proof. Proof: This directly follows from the de nition of the coproduct .
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Now we may summarize the previous discussion into the following theorem. 
Basic examples: Ohtsuki's invariants
We are mainly talking about generalities so far and haven't had any non-trivial nite type Z-HS invariants yet. Our basic examples come from Ohtsuki's work 38]. In 38], Ohtsuki extracted a series of rational Z-HS invariants from the SU(2) quantum invariants of Reshetikhin and Turaev 44] . Physically, they correspond to the coe cients of the asymptotic expansion of Witten's Chern-Simons path integral at the trivial connection as shown by Rozansky 41, 42] . Rozansky has also argued, based on some physical considerations, that Ohtsuki's invariants are all of nite type.
Let rst us explain brie y how Ohtsuki's invariants are derived. Let r (M) be the SU(2) quantum invariant of Reshetikhin and Turaev at the r-th root of the unit q = e 2 p ?1=r , as normalized in 20].
From 37], we know that if M is a Z-HS, r (M) 2 Z q] when r is an odd prime. So we may write r (M) = a r;0 + a r;1 (q ? 1) + + a r;n (q ? 1) n + for a r;n 2 Z. We will x n and think of a r;n as a function of r. We ask whether there is a rational number n , independent of r, such that a r;n n mod r (4.1)
is true for all odd primes r su ciently large. Of course, since q is not an indeterminant, a r;n here is not well de ned. Nevertheless, as q r = 1, a r;n is well de ned modulo r and our question is thus well posed. The rst example of non-trivial nite type Z-HS invariants comes from C , or equivalently, 1 
The following is a very interesting property of the link invariant a 2 on ASL's. We will leave it as an exercise for the reader to show that C is of order 3 using Theorem 4.4 and Lemma 4.1. Since C is not a constant invariant, it is of order 3.
It seems to be a common belief that n should be of order 3n in general, and this has been veri ed physically by Rozansky 41, 42] .
Surgery formulae for n were given in 30]. Unfortunately, some coecients in these formulae can only be determined recursively. We don't have close formulae yet to express these coe cients appeared in the surgery formulae for n when n > 2. This makes it di cult to prove that n is of order 3n for n > 3. On the other hand, the explicit surgery formula for 2 in 30] makes it possible to prove that 2 is of order 6. We will brie y explain the proof of this theorem in the next section when the surgery formula for 2 is given.
In 11], it is estimated that dim O 6 4 by using some relations among trivalent graphs representing Z-HS's. On the other hand, a simple computation using the surgery formula for 2 (see (5.1) below) shows that 2 
where the sum runs through all sublinks of L. We need to use the derivatives of (L; t) at t = 1:
The basic link invariants used in formulae for n 's are 
Induced knot invariants
Let be a Z-HS invariant. It induces a knot invariant in the following way: For a knot K in S 3 , we assign to it the framing 1. Then we de ne a knot invariant by
Lemma 6.1. If is of nite type, so is as a knot invariant. This is quite obvious: A crossing change crossings can be accomplished by a 1-surgery on an appropriately positioned unknot. In fact, the proof of this lemma shows that if is of order k, then is of order k ? 1. The fact that the order of a nite type Z-HS invariant must be a multiple of 3 (Theorem 2.3) somehow implies a stronger estimate on the order of the induced knot invariant. In 30], it is conjectured that n! n 2 6Z. This conjecture is certainly motivated by Theorems 4.2 and 7.1. But we do have some other evidence supporting this conjecture. For example, it is proved in 30] that the denominator of n can always be factored by some powers of 2; 3; : : : ; n. for each n 6 = 0.
Notice that these two Z-HS's S 3 K;1=n and S 3 K ;1=n can not be distinguished using the Casson invariant.
Needless to say, we don't know what kind of geometrical or topological obstruction the invariant 2 represents which prevents these two Z-HS's from being homeomorphic.
See 30] for more on this kind of applications of Ohtsuki's invariants.
Open questions
Compare with the well developed theory of nite type knot invariants 3, 6, 14, 28, 21, 45, 47] , much less have been done in the study of nite type Z-HS invariants. Many questions have been asked in the literature of this subject. We will address a few questions here which are either not asked before or, in the case they are, picked up again because of their signi cance in our point of view. Question 1. Is there any other justi cation for De nition 2.2 besides its analogy to the de nition of nite type knot invariants and the fact that it works for the coe cients of the asymptotic expansion of Witten's Chern-Simons path integral at the trivial connection 41, 42] ?
One of the original sources of the de nition of nite type knot invariants is the study of the topology of the singularities in some functional spaces 47] . See also 45] and 28] for treatments using only elementary topology in 3-dimension. Such a topological interpretation provides us the most natural explanation of the 4-term relation and why it alone su ces essentially to de ne a \weight system". We don't have such a picture yet for the de nition of nite type Z-HS invariants.
Question 2. Does M=M k constitute an abelian group under the connected sum? What is the most natural operation which changes a Z-HS to another one preserving the value of any nite type Z-HS invariant up to a xed order? If we have such an operation on Z-HS's, is there any topological property of Z-HS's which is preserved by this operation?
The rst question here is certainly motivated by Gusarov's work 14] and the second by, among others, say, Stanford's work 46]. The operation on knots de ned by Stanford is to insert a pure braid commutator somewhere in a given knot. Notice that Gusarov has reported (Oberwolfach, September 1995) that Stanford's operation actually generates all knot with the same value for any nite type invariant up to a xed order. Finally, the answer to the last question above seems to be not known even for Stanford's operation on knots. Because of its signi cance, it seems to be worthwhile to repeat it again: Is there any topological property of knots which is preserved by Stanford's operation? Question 3. Does 2 =3 count algebraically any geometrical or topological objects related with the Z-HS in question? This is certainly motivated by the fact that 1 =6 is the Casson invariant, which counts algebraically the number of conjugacy classes of irreducible representations into SU(2) of the fundamental group of the Z-HS in question 1]. Probably, the only way to answer this question is to de ne some counting invariants for Z-HS's rst and then identify it with 2 using the surgery formula (5.1).
Notice that the geometric de nition of the Casson invariant together with its surgery formula leads to a criterion for detecting knots with property P. An answer to Question 3 will provide us another such criterion. X can be the empty space ;, a set of m ordered points (which will be denoted simply by m), and the disjoint union of oriented circles`S 1 ; all univalent vertices are on X; when X is a set of m ordered points, points in X are all we have for univalent vertices, and when X =`S 1 , there should be no separate subgraphs with only trivalent vertices; a cyclic ordering of the edges at every trivalent vertex is given; the grading is given by a half of the number of vertices; linear combination of graphs are subject to the AS and IHX relations, and the STU relations if X =`S 1 (see 3]).
Denote byÂ(X) the completion of A(X).
With these said, the construction in 25] proceeds as follows: Step1 . Construct elements T n m 2 A (m?n) (m), which are invariant under cyclic permutations of the m supporting points and characterized essentially by a certain kind of \crossing change formulae".
Step 2. For a framed link L, renormalize the universal invariantẐ(L) coming from Kontsevich's construction 23] to get an invariant Z(L) 2 A(`S 1 ), which is a \group-like element". n (M) is an invariant of order 3n. This implies, via 11] , that the algebra of nite type invariants is isomorphic to the algebra of weight systems, where a weight system is a linear functional on A (n) (;).
An operation on Z-HS's is de ned which does not alter the value any invariant of order n. This operation is a straightforward generalization of Stanford's operation.
M=M k constitutes an abelian group under the connected sum.
So parts of Question 2 in Section 9 have been answered.
In 12]
, the notion of nite type invariants of rational homology 3-spheres (Q-HS's) is introduced. It is shown that the space of nite type Q-HS invariants is a subspace of nite type Z-HS invariants. In particular, the Casson-Walker invariant 48] of Q-HS's is shown to be of order 3 using its surgery formula. In 24], Le also proved that n (M) is of order 3n for Q-HS's.
10.4. The recent work of Garoufalidis and Levine 10] provides another perspective to the theory of nite type Z-HS invariants. It relates the strati ed vector space M with the group algebras of some subgroups of the mapping class group completed by powers of their argumentation ideals. The subgroups of the mapping class group are those which are closely related with integral homology 3-spheres. For example, the Torelli group and the subgroup of the mapping class group generated by Dehn surgeries on bounding curves on surfaces (the main result is stated di erently though in these two cases). Recall that the structure of the latter subgroup has been used by S. Morita to recover the Casson invariant 35, 36] . So, 10] will probably give us some hints as of how to generalize Morita's work to recover Ohtsuki's invariant 2 (see Question 3 of Section 9).
